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NONABELIAN FOURIER TRANSFORMS FOR SPHERICAL 

REPRESENTATIONS 


JAYCE R. GETZ 

Abstract. Braverman and Kahzdan have introduced an influential conjecture on local 
functional equations for general Langlands L-functions. It is related to Lafforgue’s equally 
influential conjectural construction of kernels for functorial transfers. We formulate and 
prove a version of Braverman and Kazhdan’s conjecture for spherical representations over 
an archimedian field that is suitable for application to the trace formula. We then give a 
global application related to Langlands’ beyond endoscopy proposal. 


1. Introduction 


Let G be a split connected reductive group over an archimedian field F and let 
(1.0.1) r:G^GL„ 


be a representation of (the connected component of) its Langlands dual group, which we 
regard as a connected reductive group over C. The local Langlands correspondence is a 
theorem of Langlands in the archimedian case. Thus for every irreducible admissible repre¬ 
sentation TT of G{F) one has an irreducible admissible representation r(7r) of GL„(E) that is 
the transfer of (the L-packet of) vr. One defines 


7(s,7r,r,'0) := 7 ( 5 ,r(7r),-0) 


£(5,r(7r),-0)L(l - 5,r(7r)^) 
L(s,r(7r)) 


for s G C and for any additive character 'i/j : F ^ C^, where the e-factor on the right is that 
defined by Godement and Jacquet [GJ72]. In the case where r is the standard representation 
of GL„ and the representation vr is unitary one has 

(1.0.2) 7(5, TT, r,'?/')7r| det I 2 ■*"*(/) = det | 2 


where := 7T{g~^) and / is the restriction to GL„(E) of the 0t„(E)-Fourier transform 

of / determined by -0 (see [GJ72, (9.5)]). Strictly speaking / is assumed to be in a space of 
Gaussian functions in [GJ72], but there is no need to make this precise here. 


2010 Mathematics Subject Classification. Primary 11F70; Secondary 11F66, 22E45. 

The author is thankful for partial support provided by NSF grant DMS 1405708. Any opinions, findings, 
and conclusions or recommendations expressed in this material are those of the author and do not necessarily 
reflect the views of the National Science Foundation. 


1 




2 


JAYCE R. GETZ 


A conjecture of Braverman and Kazhdan [BKOO] states that (1.0.2) is but the hrst case 
of a general phenomenon. To be more precise we need to place an additional assumption 
on the representation r. Let Zq be the center of G and let Zq be its neutral component. 
Assume that there is a character 

u : Zq —)■ Gm 

such that, if we denote by the dual cocharacter of Zq, then 

r o = [iV], 

where [N] : Gm —?• GL„ is the cocharacter given on points by 

. N T 

X I- > X In 

for some > 0. Here In is the n x n identity matrix. We then extend a; to a character of 
G = ZqG'^’^^. For complex numbers s we let 

Us := TTs := vr 0 Ug- 

The quasicharacter Ug plays the role of | det in the case considered by Godement and 
Jacquet in [GJ72]. 

Braverman and Kazhdan give a conjectural construction of a nonabelian Fourier transform 
(1.0.3) : G^{G{F)) G“(G(F)) 

such that 

(1.0.4) 7 (s, vr, r, ^/’)7r,(/) = 7r“*j(j;,p(/)). 

In the case where r is the standard representation of G = GL„ one can take = 

1—n n—1 

I det I 2 (I det I 2 /)^. In the nonarchimedian case Lafforgue has given a spectral dehnition 
of using Paley-Weiner theory under suitable assumptions that are implied by the local 
Langlands correspondence for G{F) [Lafl4, Dehnition 11.15]. The analytic properties of 
(e.g. whether or not it is integrable after a suitable twist by a quasicharacter of 
G{F)) are not obvious from his construction (at least to the author). 

In this paper we prove the existence of a transform J>,p(/) such that (1.0.4) holds for 
unitary representations vr provided that / is spherical. We also prove that suitable twists of 
by quasicharacters he in a space of functions for which the trace formula is valid. 
Let K < G{F) be a maximal compact subgroup. For 0 < p < 2 let 

SP{G{F)//K) C G°°{G{F)//K) 

be the L^-Harish-Ghandra Schwartz space; we recall its dehnition in §3.3 below. 
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Theorem 1.1. Let f G C^{G{F)//K) and 0 < p < 1. There is a function 

Fr,p{f)eC^{G{F)//K) 

such that 

(a) one has Fr,ti){f)oJs ^ S^{G{F) j/K) for Re(s) sufficiently large in a sense depending 
only on G and r, and 

(b) if 71 is unitary then 

(1.0.5) 7 (s, 7 r,r,' 0 )tr 7 r,(/) = tr 7 r)^_,(j;,^(/)) 

in the sense of analytic continuation. 

Remarks. 

(1) Elements of S'p{G{F)//K) for 0 < p < 1 are in L^(G'(F)//if), so the fact that tt is 

unitary implies that the operator is bounded for Re(s) sufficiently large. 

(2) The function / and Fr,^{f) are assumed to be spherical, so for tt unitary and nonspherical 
(1.0.5) is just the equality 0 = 0. 

(3) The operator TTsif) is holomorphic as a function of s, and 7 ( 5 , 7 r,r,'^) is meromorphic. 
Thus (1.0.5) provides a meromorphic continuation of tr 7 r)^_g(J> ,^(/)) to the complex plane. 

Assertion (a) in the theorem is important because the Arthur-Selberg trace formula is 
valid for functions in (the global version of) S^{G{F)//K) for 0 < p < 1 due to work of 
Finis, Lapid, and Muller [FLMll], [FLU] [FL16] (we will comment a little more on this 
in §3.3 below). Indeed, providing a transform J>,p(/) that satishes this condition was our 
primary motivation for writing this paper. One can then use the results of Finis, Lapid, and 
Muller to provide an absolutely convergent expression for the sum of residues of Langlands 
L-functions that Langlands has isolated for study in his “beyond endoscopy” proposal. This 
will be discussed in §5 below. 

It would be very interesting to extend the results in this paper to nonspherical representa¬ 
tions. Our approach might be applicable in this more general setting, but there seems to be 
an analytic result that is not yet available in the literature. More precisely, we use the char¬ 
acterization of the image of S^{G{F)//K) under the Fourier transform due to Trombi and 
Vadarajan [TV71]. A characterization of the image of the nonspherical analogue S^{G{F)) 
under the Fourier transform does not seem to be available in the literature, although par¬ 
tial results are known [TroSl], [Tro90]. Hopefully the conjectures of Braverman-Kahzdan 
[BKOO], Lafforgue’s work [Lafl4], and of course the beyond endoscopy proposal of Langlands 
[Lan04] will provide motivation for giving such a characterization. 
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Remark. Arthur has characterized the image of the Fourier transform of S‘^{G{F)) [Art83], 
but this does not seem to be the right space from the point of view of any of these proposals 
to move beyond endoscopy. It would be interesting to see if the technique of Anker [Ank91] 
could be used to deduce the image of the Fourier transform on S^{G{F)) for 0 < p < 2 from 
this case. 

We would be remiss not to recall that the fundamental aim of [BKOO] and [Lafl4] is 
to provide a dehnition of the nonabelian Fourier transform for which a version of Poisson 
summation is valid. As explained in loc. cit., this would lead to a proof of the existence of 
the global functorial lifting conjectured to be attached to r by Langlands. For this purpose 
it would probably be desirable to have a dehnition of the Fourier transform J>,p(/), which, 
unlike the approach of this paper and [Lafl4], does not rely on Paley-Wiener theorems. 
For this we can only point to the hints provided in the works [AltlS], [BNS16], [Chel4], 
[FLNIO], [Lil3], [Lanl3], [Ng614], [Sakl2], [Sakl2]. It would also be interesting to interpret 
the formula in [Get 16] from this optic. 

We close the introduction by outlining the sections of this paper. In §2 we recall the notion 
of the transfer of a minimal principal series representation. Preliminaries on the character¬ 
ization of the image of the spherical Fourier transform due to Trombi and Varadarajan are 
given in §3.3 and in §4 we deduce the main theorem. Finally, in §5 we give an application 
of the main theorem to Langlands’ beyond endoscopy proposal. 

2. Transeers oe representations 

In this section we set some notation and recall the notion of the transfer r(7r) of an 
irreducible admissible representation vr of G{F) under some simplifying assumptions. These 
assumptions are always true if vr is spherical. 

Let T < G be a split maximal torus with Weyl group W. Moreover let T < G be the dual 
torus; its Weyl group is isomorphic to W and we denote it by the same letter. Let T„ < GL„ 
be the maximal torus of diagonal matrices and let Wn be its Weyl group. We denote by 
Tn < GL„c the dual torus. Upon replacing r by a GL„-conjugate if necessary we can assume 
that it induces a morphism 

( 2 . 0 . 1 ) r:f^fn 

and, by duality, a morphism 

r'^ ,Tn^ T. 


We can and do take to be dehned over F because T„ and T are split. 
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For quasicharacters x ^ T{F) —)■ let J(x) be the Langlands quotient of the unitarily 
normalized induction Ind(x) of x to G{F) (or more properly the extension of x to a Borel 
subgroup containing T). We use similar notation when G is replaced by GL„. 

Suppose that tt = J(x) where x : T{F) —)■ is a quasicharacter. One dehnes r(x) to be 

X o and one dehnes the transfer of vr to be 

r(7r) := J(r(x)). 

This is an irreducible admissible representation of GL„(F). We note that if 

/ 0.1 \ n 

^(x) ( )=Ylviiai) 

for some quasicharacters rji : F^ —)■ then = YYi=i'yi.^yViy4’) [GJ72, Theorem 

8 . 8 ], 


3. Preliminaries on the Fourier transform 


In this section we collect some notation related to Langlands decompositions of Borel 
subgroups and recall some basic facts about the spherical Fourier transform. All of these 
results will be used in 54 below. 


3.1. Langlands decompositions. Let T < G and Tn < GL^ be maximal tori as above (so 
Tn is the diagonal torus, T is split and r maps T into T„). Let B > T he a. Borel subgroup 
of G and let Bn > Tn be the Borel subgroup of upper triangular matrices in GL„. We let 
N < B and W < Bn be the unipotent radicals. Let K < G{F) be a maximal compact 
subgroup and let Kn < GL„(F) be the standard maximal compact subgroup. Let 

M := T{F) n A, Mn := Tn{F) n A„ . 

We can and do assume that M is the maximal compact subgroup of T(A), and then one has 
r'^{Mn) < M. Let a ;= X*(T) 1^, ci„ := W(T„) 0^ 1^ and denote by a*, a* their M-linear 

duals. 

The map r yields 

* . * 

One has an isomorphism 


a 


* 

n 


(si, 




where 
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We let 



+ 


be the image of M^q and let 


a; ;= {A e aW r(A) e (a;)+}. 


Note that these are not Weyl chambers. 


3.2. Spherical functions. We now recall the definition of the Harish-Chandra map. We 
dehne a fnnction Ht : T{F) —)■ Homz(X*(T), M) via 

{x,Ht{x)) := log|x(a;)|. 

Since there is a canonical identification Homz(X*(T),M) = X*(T) 0^ 1^ =: a we can regard 
Ht as taking valnes in a. For {k,t,n) E K x T{F) x N{F) the Harish-Chandra map is then 
dehned to be 


(3.2.1) 


Hg : G(F) a 

ktn I —y HT{t). 


We choose Haar measnres dk, dt, dn, dg on K, T{F), N{F), and G{F), respectively, snch 
that measdk{K) = 1 and for / G C^{G{F)) and 

[ f{g)dg = [ f{ktn)dkdtdn 

Jg(F) J KxT{F)xN{F) 

where p G a* is half the snm of the positive roots of T in H. 

For A G we let 

= f e^-G+p)FB{9-^k))^f^ 

Jk 

be the nsnal spherical fnnction. It is a matrix coefficient of the representation Ind(e^^’^®^). 
One dehnes the spherical transform of snitable iF-biinvariant continnons fnnctions / : G{F) —>■ 
C to be 


fW ■= / f{.g)^-\{.g)dg 

Jg{f) 


(3.2.2) 

(here we are using the convention of [Ank91, §1], at least up to multiplication by i). 
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3.3. Spaces of functions. Let g := Lie(ReSi?/]RG). For 0 < p < 2 let 

(3.3.1) SP{G{F)//K) 

denote the space of iF-biinvariant functions / : G{F) —)■ C such that 

sup^eG(E)(|3;| + * f*Y{x)\ < oo 

for all invariant differential operators X, Y on G{F), that is, all elements of the universal 
enveloping algebra t/(0c)- Here |x| is the distance of x to iF (see, e.g. [Ank91, §1]). 

Let 

(3.3.2) C{G{F)) 

denote the space of smooth functions / : G{F) —)■ C such that 

1 / * < oo. 

This space is the local analogue of one introduced in [FLMll]. It is obvious that S^{G{F)) 
is invariant under right convolution by H(0c)) and it is known that for 0 < p < p' < 2 there 
are inclusions 

SP{G{F)//K) < SP'{G{F)//K) < Lp'{G{F)) 

(see [Ank91, §1]). In particular 5^(G(F)) < C{G{F)) for 0 < p < 1. Thus as mentioned 
in the introduction the trace formula is known to be absolutely convergent for functions in 
5nG'(F’)) [FLMll], [FLll] [FL16]. 


3.4. The Fourier transform. For 0 < p < 2 let a* be the closed tube in of points whose 
real part lies in the closed convex hull of IF ■ (2/p — l)p in a*. For p = 2 we let = 70*. For 
0 < p < 2 let 

S(a;) 


denote the space of all complex valued functions h : a* ^ C such that 

(a) the function h is holomorphic in the interior of a*, 

(b) for any polynomial P in the symmetric algebra of a* and any integer n > 0 


SUPAeinta;(il ^ II +1)” 



< CX). 


Here || A || is the norm induced by the Killing form. 

Trombi and Vadarajan [TV71] proved that the spherical Fourier transform / ha /(A) 
extends to an isomorphism of Frechet algebras 




(3.4.1) 
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The seminorms which make S^{G{F)//K) and S(a*) into Frechet spaces are the obvious 
ones. The paper [Ank91], which gave a simpler proof of the isomorphism (3.4.1), is a very 
nice reference for the facts above. In loc. cit. a* is denoted 
For / G S'P{G{F)//K) and 0 < p < 1 let 

[ f{tn)dn 
Jn(f) 

be the constant term of / along B. It is well-dehned because S^{G{F)//K) < L^{G{F)) as 
recalled above. 

As in §2, for a quasicharacter y : T(F) —)■ let J(x) denote the Langlands quotient of 

the unitarily normalized induction Ind(x) of y to G{F). If y = for some A G aj we 

will abbreviate 

J(A) := and Ind(A) := Ind(e<^’^®>). 

The following lemma is well-known, but we record it and a proof for the convenience of the 
reader: 

Lemma 3.1. Let A G aj and f G G^{G{F)//K). Suppose that J(A) is spherical. Then 
J{X){f) acts via the scalar 

7(-A) = tr J(A)(/) = trInd(A)(/) = tr 

on the (unique) spherical vector in J{X). If 0 < p < 1, f E S'p{G{F)//K) and J(A) is 
unitary, then J{X){f) acts via the scalar 

/(-A)=trJ(A)(/) 

on the spherical vector in J(A). 

Proof. Assume hrst that / G Gf°{G{F)//K). The identity trInd(A)(/) = ti 
is the descent formula (see, e.g. [KnaOl, (10.23)]). The vector ipx is spherical, satishes 
<Pa( 1) = 1, and is a matrix coefficient of the representation Ind(A) (compare [AnkOl, §1]). 
It is also known that this representation, even if it is reducible, contains a unique spherical 
line [GV88, 3.1.13] It follows that Ind(A)(/) acts via the scalar /(—A) = trInd(A)(/) on ip\. 
On the other hand, one has an equivariant map 

(3.4.2) Ind(A) ^ J(A). 

Since J(A), being spherical, has a unique spherical line this line must be the image of Cip-x 
under (3.4.2). Thus tr J(A)(/) = trInd(A)(/). 

In the following discussion we use basic facts that are recalled in [AnkOl, §1] without 
further comment. We consider the case where 0 < p < 1 and / G S^{G{F)//K). Then 
/ admits a continuous extension to the set of A G a^. Since Gf°{G{F)//K) is dense in 
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S^{G{F)//K) we can choose a Cauchy sequence C C^{G{F)//K) converging to / 

in S^{G{F)I/K). In particular, hni„_^oo fn = f pointwise on a^. On the other hand, J(A) is 
unitary, and hence the fact that lim„_,.oo fn = f pointwise implies that 

lim tr J (A) (/„) = tr J(A) (/) 

n^oo 

by dominated convergence, since / and all the /„ are in L^{G{F)). Thus 
/(-A) = lim 7n(-A) = lim tr J(A)(/„) = tr J(A)(/). 

n^oo n^oo 

□ 


4. Proof of Theorem 1.1 

Recall that we have normalized r so that it induces a morphism r : T —)■ T„. The fact that 
r may have positive dimensional kernel causes some minor complications which we address 
as follows. Let Gi < G be the neutral component of the kernel of r. There a connected 
complex reductive group Go and a morphism ro : G —Go such that the composite 

Gi -A G ^ Go 

is an isogeny. We therefore obtain an algebraic group morphism 

r := To X r : G —)■ Go x GL„c- 

Let To < Go be a maximal torus with Weyl group Wq. Upon replacing tq with a Go-conjugate 
we can and do assume that ro{T) < Tq. We remark that r has zero-dimensional kernel, and 
if the kernel of r is zero-dimensional then Go = To = 1 and r = r. We also note that r 
induces a map W —)■ ILo x and a map r : T Tq xT^ that intertwines the actions of 
W and Wo X W„. 

Let To be the split torus over F whose points in an T-algebra R are given by 
To(R) :=X*(fo) =Homz(X,(fo),R^). 

For notational simplicity we let 

f := To X T„, W := Wo X W„. 

Let Mq < To(F) be the maximal compact subgroup; it satishes [Mq x Mn) < M. We set 

M := MqX Mn. 

From r we obtain by duality a map 

F' -.ToXTn 


T. 


10 


JAYCE R. GETZ 


There are natural isomorphisms 

f{F)/M^X,{f) 
and T{F)/M = a,so induces an M-linear map 

F' : a := f{F)/M T{F)/M =: a. 

It is surjective, as the complexihcation of its dual is 

^ ^ 

which is injective by construction of r. 

Now that we have dehned r we can give a diagram that outlines the construction of -7>,p(/) 
from /. Let sq > 0 be sufficiently large. Let G a* be the point corresponding to u. Let 
0 < p < 1 and let let S{a*){—so) denote the space of functions of the form 

a* + Soda; —^ C 

A I— > f{X- Soda;) 

for some / G >5(ap. We note that u is hxed by the Weyl group, so this space admits an 
action of W, and 5(ap^(—So) = 5(ap(so)^. Moreover, (3.4.1) induces an isomorphism 

S^{G{F)//K)u:.so^S{a;){-sor 


where the C-vector space on the left is the space of functions of the form fuj-so for / ^ 
S^{G{F)//K). We will construct Fr^ipif) so that the following diagram commutes. 


(4.0.1) 


I"* 

C^{T{F)/M)^ 

C^{G{F)//K) 


> C^{To{F)/Mo)^»(S)S{in{F)/Mn)^- 

Sia;){-sor 


Here the horizontal arrow marked ^ is (4.0.4), which is just the Fourier transform on T„(F) C 
Li(F) (the F-points of the Lie algebra T„) and taking the “dual function” on To(F). Moreover 
4/ is a Mellin transform (see (4.0.6)). The proof of Theorem 1.1 we now give amounts to 
hlling in the details of this diagram; the functional equation ultimately reduces to the familiar 
functional equation of Tate zeta fuctions. 

Let TT be a given spherical unitary irreducible representation of G{F). Thus there is a 
quasi-character y : T{F)/M —>■ so that vr = J{x)- Moreover let / G C'“(G(F)//iL). We 
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will trace these two objects along the upper path from C^{G{F)//K) to S^{G{F) // K) in 
the diagram. Lemma 3.1 implies that 

(4.0.2) tr J(x)(/) = trx(/^'®^) 

for / e C^{G{F)//K). ^ _ 

Since is surjective and submersive as just discussed, we can choose a G G^{T{F)/M) 
so that the push-forward (<h) is In fact, we can and do assume that 

$ e G^{f{F)/M)^. 

Thus 


(4.0.3) tr J(x),(/) = = tr xa;s(ry(<I))) = trr(x)| det |*(<I)). 

We are now at the top row of the diagram. The usual embedding GL„ of algebraic 

monoids induces an embedding ^ where := Lie(T„). We can therefore regard an 
element of G“(T„(F)) as an element of G“(tn(F)). The pairing 

t„(F) X in{F) —)• C 

is perfect. For {to,t) G To{F) x Tn{F) let 

(4.0.4) <F(fo,t)= / ^{tQ^,x)'ijj{tT{tx))dx-, 

Jin{F) 

it is just the Fourier transform in the second variable. We then have 

(4.0.5) 7 (s, J(r(x)),i/')trf(x)| det |*(<F) = trr(x"^)| det |^""($) 

by the local functional equation of Tate’s thesis [Tat79, (3.2.1)]. Here the left hand side is 
meromorphic as a function of s, and trr(x“^)| det |^“®(<F) is absolutely convergent for Re(s) 
sufficiently small in a sense depending on y. 

We are now at the upper right corner of the diagram. Let t := Lie(T). We denote by 
S{tn{F)) the usual Schwartz space and similarly for 5(t(F)). Assume that 

^GC'~(T(F))i5(R(F)) 

where we take the completion in, say, the Schwartz space S{t{F)). We then have that 

(4.0.6) T(A) := [ 

Jt{f) 

is absolutely convergent and holomorphic if Re(A) G aS X «)+• In fact something stronger 
is true: 
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Lemma 4.1. For any polynomial P in the symmetric algebra of a* and any integer n > 0 
the guantity 


(IIAII +ir 



is bounded for Re(A) in a fixed compact subset of Oq x (a*) + . 


Proof. The lemma is a consequence of the following claim: for any / G 5(M), real numbers 
0 < a < 6, and nonnegative integers n, k with coefficients in C one has that 


ds’^ 


fis] 




provided that a < Re(s) < b. Here /(s) = f(x)x^~^dx is the usual Mellin transform. 
To check this, let D := x-^. It is not hard to see that (log^/) is continuous on 

M>o and in (M>o, ~) for any real number £ > 0, and thus the Mellin transform of 
[D- (logV))~ (a + it) is bounded as a function of f G M for a < a < 6. Thus 

(D” (log‘/))~(i,)| 

is bounded for a < Re(s) < b. 

□ 



Corollary 4.2. Suppose that Sq G M>o is large enough in a sense depending only on r,G. 
Suppose that T G {To{F)/Mo)^° (g) 5(tn(R)/M„)’^". Then the function 

A I—)■ T(r(A + soduj)) 


IS in S(ap(-so)^. 


Proof. This follows from Lemma 4.1 and the observation that any hxed compact subset of 
a* (e.g. the closed convex hull of r{W ■ {2/p — l)p)) is contained in Oq x (a*)+ for sq ^ I^>o 
large enough. □ 

The corollary implies that the map T i—>■ T o r in the top row of the diagram is well-dehned 
for So large enough. This places us at the group S^lap in the diagram. 

Since J(x) is unitary and 0 < p < 1 we can choose p G a* such that x(t) = (see 

[KnaOl, p. 654]). Then 

r(x-p = 

Combining this notation with (4.0.3) and (4.0.5) we arrive at 

(4.0.7) 7(s, J (r(x)), i/>)tr J {x)s{f) = $~(F(-/i) + (1 - s)d) = $^{T{-fr + (1 - s)do). 
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Now G 5(ap)(—So) for sq sufficiently large, and hence A i—)■ <l>(r(A)) is in 5(ap)(—S q) for 
So sufficiently large since r : —>■ is injective. Thus we can choose an h G S^{G{F)//K) 
so that for all Ago* one has 

(4.0.8) trJ(A)(/i) = h{—X) = <h~(r(A + Sod)) 

by (3.4.1) and Lemma 3.1. Set 

^• hoj—SQ- 

By construction, h G Sp{G{F)//K). We have now successfully traversed along the upper 
path from G^{G{F)//K) to S^{G{F)//K) in our diagram. 

Combining (4.0.7) and (4.0.8) we deduce that 

(4.0.9) 7 (s, J (x), r, ^)ii J{x)s{f ) = $~(T(-p + (1 - s)d^)) 

= -^.,p(/)~(-A + (l-s)d^) 

= tr J(x)i_,(J>,p(/)) 

This completes the proof of the theorem. 

□ 


5. A GLOBAL APPLICATION 

Let F be a number held and let oo be the set of inhnite places of F. Let G = GL^ 
for some integer m. It is not strictly necessary to take G = GLm for what follows, but it 
will make the discussion simpler. We retain the obvious analogues of the notation above in 
this global setting; for example T < GL^ is a maximal split torus which we take to be the 
diagonal matrices for simplihcity. For u f oo let 

(5.0.1) 5 : G^{G{F)//G{OfJ) C[T]^ 

be the Satake isomorphism. Let 

r-.G^GU 

be an irreducible representation and let 

1 ^ I' 1 ^ 

v\S 

where 

OO 

^T,v ■= (trSym'' (r(t))) . 

k=0 

Thus if is an unramihed admissible representation of G(A“) one has 

tr7r“(Lr) = L{s,Ti°°,r) 
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for Re(s) large enough. 

Let A be the connected component of the real points of the maximal Q-split torus in the 
center of Rosj^/qG and 

G(Af)^ := Pi ker(| ■ |a^ odet : G(Ai;’)—^ M>o) • 
x&x*{G) 

In [Lan04] Langlands proposed that one attempt to prove Langlands functoriality in gen¬ 
eral via a trace formula. His point of departure was that for / G G“(H\G(Foo)) one can use 
the trace formula to provide an absolutely convergent expression for 

(5.0.2) ^tr7roo(7)7r“(U) 

TT 

for Re(s) large. Here the sum over vr is over cuspidal automorphic representations of 
H\G(Ai7’). Strictly speaking, Langlands used logarithmic derivatives of L-functions, Sar- 
nak proposed the current formulation because it appears to be more tractable analytically 
[Sar]. 

One can then hope to use the trace formula to give an expression for 
(5.0.3) y^Res^=itr7roo(/)L(5,7r°°,r) 

TT 

in terms of orbital integrals (and automorphic representations on Levi subgroups). Those 
residues ought to correspond to representations whose L-parameter, upon composition with 
r, hxes a vector in V. These ought to be transfers from smaller groups, and one hopes 
to compare the sum of residues (5.0.3) with corresponding sums on smaller groups. Since 
every algebraic subgroup of G is the hxed points of a vector in some representation of G 
by a theorem of Chevalley, in principle executing this approach would lead to a proof of 
functoriality in general. 

However, Langlands gave no absolutely convergent geometric expression for (5.0.3) nor 
any indication of how to obtain one, even assuming Langlands functoriality. In practice this 
seems to be an extremely difficult analytic hurdle that has only been overcome in a handful 
of cases [Altl5], [Getl6], [Getl4], [Herll], [GH15], [Ven04], [Whil4] that are essentially those 
isolated as tractable by Sarnak in his letter [Sar]. 

In this section we use Theorem 1.1 and work of Finis, Lapid, and Muller to give an ab¬ 
solutely convergent expression in terms of orbital integrals and automorphic representations 
of Levi subgroups that is equal to (5.0.3) if one assumes Langlands functoriality (what we 
need is given precisely in Gonjecture 5.2 below). We emphasize that the expression makes 
sense without any assumption in place, so one could try to use it to study Langlands’ beyond 
endoscopy proposal. At very least it allows us to replace (5.0.3) with a quantity which is 
well-dehned without any assumptions. 
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With apologies to the reader, we now switch conventions a bit and work with automor- 
phic representations of G{Apy instead of A\G{Ap). This is both more suitable for the 
manipulations below and makes comparison with [FLMll] [FLU] [FL16] easier. 

The key consequence of Theorem 1.1 we use here is the following corollary: 


Corollary 5.1. The non-invariant trace formula is valid for the functions 


GiApY C 




provided that a is sufficiently large. 


' Re(s)=cr J A 

/ / 

f Re(s)=cr J A 


ujs{a) fAr{ag)da 
u:s{o)^r,Afy^r{ag)da. 


Proof. By Theorem 1.1 the given functions lie in the space C{G{ApY,G{Op)) of [FLMll] 
[FLU] [FL16] for a sufficiently large (see the discussion below (3.3.2)). Thus the corollary 
follows from the main theorems of loc. cit. 

□ 


Consider the difference 


(5.0.4) 





Re(s)=cr 


tr 71 YJ^r, A f)^r) 


where the sum is over isomorphism classes of cuspidal automorphic representations of G{ApY- 
By the corollary, for a sufficiently large the noninvariant trace formula provides an absolutely 
convergent expression for (5.0.4) in terms of orbital integrals and automorphic representa¬ 
tions on Levi subgroups of G. This is the unconditional dehnition of (5.0.3) we provide; it 
is well-dehned without assuming any conjecture. 

To complete this section and our discussion we prove that (5.0.4) is equal to (5.0.3) as¬ 
suming the following conjecture: 


Conjecture 5.2 (Langlands). The function 

L{s,7i°°,r) 

admits a meromorphic continuation to the plane, holomorphic except for a possible pole at 
s = 1. It satisfies the functional eguation 

L{s, 71°°, r) = 7 (s, TToo, r)L(l - s, 7r“^, r). 
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Proposition 5.3. If Conjecture 5.2 is valid then (5.0.4) is equal to the absolutely convergent 
sum 



(5.0.5) 


TT 


We remark that the proof of the proposition requires Theorem 1.1 in particular at the 
archimedian places; working outside a hnite set of places including the archimedian ones 
where one can assume an unramified functional equation is not enough. 

For an admissible irreducible representation tt of G{Ap) let C(7r) = C{7i, 0) be its analytic 
conductor as dehned by Iwaniec and Sarnak ([BruOO, §1] is a nice reference). We have the 
following corollary of Conjecture 5.2: 

Corollary 5.4. Assume Conjecture 5.2. For any real numbers A < B and A < Re(s) < B 
one has an estimate 



for some M > 0. 

Proof. Notice that C(r(7r)) -Cw ^(ti')^ for some integer N depending only on r. Thus the 


corollary follows from the same (standard) preconvexity argument proving [Bru06, (10)]. □ 

Proof of Proposition 5.3. Since / G Cf°{G{Foo)) the trace tr7roos(/) is entire as a function 
of s. We also note that if A < Re(s) < B then tr7roos(/) is rapidly decreasing as a function 
of C(7rijn(s)) (see [Getl2, Lemma 4.4]). Thus for a sufficiently large 


(5.0.6) 



Applying Corollary 5.4 we see that (5.0.5) also converges absolutely. 
Now consider 



By Theorem 1.1 and Conjecture 5.2 this is equal to 



ll!)tT 7rool-s(/)tr {hr)ds 


s, 7i°°,r)ds 



TT 
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Applying Corollary 5.4 and (5.0.6) we deduce that this converges absolutely. We now shift 
the contour in (5.0.7) to the line Re(s) = a, picking up the contribution of (5.0.5) from the 
poles at s = 1, and deduce the proposition. □ 
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